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I. Introduction
A in u l l i - c o m p o n c n t  s y s te m  is c o m p o s e d  o l a m u l t ip le  o f  
lu m p o n c iits ,  lo r  e x a m p le  a s y s te m  o l c h e m ic a l ly  r e a c t in g  
siibsianccs. o r  a b io lo g ic a l c o m m u n ity  c o n s is tin g  o f  a n u m b e r  
(d in te ra c tin g  e c o lo g ic a l s p ec ies . A  m u lt i-c o m p o n e n t  system  
may be c lo s e d , th e  to ta l n u m b e r  o f  m o le c u le s  (o r  m o le s ) b e in g  
lixcti It  m a y  be o p e n , an d  th e  to ta l n u m b e r  o f  m o le c u le s  (o r  
moles) not b e in g  f ix e d , the  system  can  e x c h a n g e  not o n ly  e n erg y  
Inii also m a tte r  (m o le c u le s )  w ith  th e  e n v iro n m e n t . A  m u l l i -  
m m p o n e n t s y s te m  u n d e rg o e s  ch a n g e s  d u e  to  the ch an g e s  in  
Ilk  m o le c u la r  n u m b e rs  b ro u g h t a b o u t by c h e m ic a l re a c tio n s . 
T h e rm o d y n a m ic s  o f  m u lt i-c o m p o n e n t  system  is w e ll-d e v e lo p e d  
iiul p la y s  a  s ig n il ' ic a n t ro le  in  the th e o re t ic a l fo u n d a tio n  o f  
chem istry 11].
In  the p re s e n t p a p e r, w c  s h a ll d e v e lo p  a s ta tis tic a l th e o ry  o f  
a closed m u l t i -c o m p o n e n t  s y s te m . T h is  in c lu d e s  the  d e r iv a t io n  
'^ 1 the p r o b a b il ity  d is tr ib u t io n  o f  th e  m o le c u la r  n u m b e rs , the  
expression  o f  e n tr o p y -p r o d u c t io n  (o r  e n tr o p y -c h a n g e ) ,  th e  
p io b a b iliiy  o f  f lu c tu a t io n  n e a r  s ta t io n a ry  e q u il ib r iu m  sta le  and  
hnally  the  c r ite r io n  o f  c h e m ic a l s ta b ili ty  an d  the L e -C h a le l ic r -  
•^laiin p r in c ip le  o f  s ta b il i ty  o f  c h e m ic a l e q u il ib r iu m  fro m  the  
consideration  o f  th e  p r o b a b il i ty  o f  f lu c tu a tio n .
Umicsponding Author
2. Closed multi-component system : probability distribution
L e t us firs t co n s id e r a c losed  m u lti-c o m p o n e n t system  consisting  
o f  n c h e m ic a l ly  re a c tin g  su h s la n cc s  o r sp ecies. L e t A  ( /  =
1,2 ,3   / / )  be the n u m b e r  o f  m o le c u le s  o f  the /th  substances
o r species m a in ta in e d  at u n ifo rm  te m p e ra tu re  T  It is assum ed  
that the re a c tio n s  p ro c eed  s u ff ic ie n tly  s lo w ly  so as not to d is tu rb  
se rio u s ly  the e q u ilib r iu m  e n e rg y  d is ir ib u lio n  o f  each  co m p o n e n t 
to  an y  a p p re c ia b le  e x te n t |2 | .  T h e  lu la l n u m b e r o f  m o le c u le s
n
c o n s titu tin g  the system  ^  /v, = /v is f ix e d  :
/=i
T h e  m a c ro s c o p ic  state o f  the sy ste m  is g iv e n  by the set
o f  m o le c u la r  n u m b e rs  =  [N^.  .............A  J .  W c assum e that
the sy ste m  o b e ys  c la s s ic a l s ta tis tics  T h e  s ta tis tic a l w e ig h t or 
th e rm o d y n a m ic  p ro b a b ility  o f  the m a c ro s c o p ic  s l a t e i s  g iv e n  
b y
v i / ( > i j  =  w ( / v , , / v . , . . . .  y v j = : -
j V !
(2 . 1)
w h ic h  is the to ta l n u m b e r  o f  m ic ro s c o p ic  states o r c o m p le x io n s  
c o m p a t ib le  w ith  th e  m a c ro s c o p ic  s ta te  o f  the s y s te m . T h e  
th e rm o d y n a m ic  p ro b a b il ity  is n o t a p ro b a b ility  at a ll. I t  is an
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in te g e r  |3 ) .  W e  a re , h o w e v e r  in lc re s lc d  in  the d e te rm in a t io n  o l
th e  p r o b a b il i ty  d is t r ib u t io n  P{A^^) =  P { N ^ , N ^ ....... * ) o t
th e  m a c ro s c o p ic  sta te A ,, =  { N ,  , N 2 , .......N on the basis  o f
p r i o r  i n f o r m a t i o n  o r  d a ta  T h e  m o l e c u l a r  n u m b e r s
{ ^ 1 . ^ 2 ......... a re  as s u m e d  to  the ra n d o m  v a r ia b le s  and
th is  is d u e  to  th e  m a m fc s ta lio n  o l m a n y  b o d y  aspec t o f  the  
sy s te m  u n d e r  c o n s id e ra t io n .
L e t  th e  in f o r m a t io n  a v a i la b le  a b o u t  th e  s y s te m  be th e  
a v e ra g e  m o le c u la r  n u m b e r s .
A/-,. ... /V„) = yv,,(; = 1.2.....n).
(2 .2 )
w h c ic  i.s th e  set o f  n o n -n c g a liv c  in te g ra l s o lu tio n  o l the  
e q u a t io n
/V, +  /V ,  +  . +  A'„ =  /V. { N ,  > 0 ) . (2 ..^)
P ( A „ ) =  P ( N , . N , ........N „ )  =  -
N \
w h e re  /?, =  —  is th e  re la t iv e  fre q u e n c y  o f  the / - th  substanLV
o r sp ec ies  an d  fo r  la rg e  N ,  is th e  p ro b a b il ity  th a t a molecule 
s e le c te d  at ra n d o m  fa l ls  in  th e  / - th  s p e c ie s . E x c e p t  for 
m u lt ip l ic a t iv e  c o n s ta n t ( -  TV), th e  r ig h t  h a n d  s ide o f  (2 7 ) is 
k n o w n  as K u llb a c k  |61 m e a s u re  o f  d is c r im in a tio n  in fo n n a iio n  ni 
c r o s s - e n t r o p y  b e t w e e n  th e  p r o b a b i l i t y  d is t r ib u t io n
{ p \ < P 2 ........P n ]  a n d  ........ /2,“ }  , F o r  m u l t in o m ia l
d i s t r i b u t i o n  ( 2 .6 ) th e  a v e r a g e  N ,  a r e  g iv e n  b\^  
yv, =  (/■ =  l , 2 , . . . , n )  so th a t the  "a  p r io r i"  probabiliucv,
^1
can  be e s tim a te d  b y  1/^  =  . R e p la c in g  p  and by' ^  i n .
N,
an d  re s p e c tiv e ly , w c  h a v e  
N  N
N,
In  / > ( / ( „ )  =  In  P ( / l , A ,  )  =  - Y  iV,  I n
N {2M]
The a v e r a g e s  g iv e n  b y  ( 2 . 2 ) c o n s l i l i i l c  th e  p r io r  
in l o r m a t io n  a b o u t  th e  s y s te m . W c  h a v e  to  e s t im a te  th e
p r o b a b i l i t y  / V , ..........) o n  th e  b a s is  o f  th e s e
in fo r m a t io n . F o r  th is  w c  s h a ll m a k e  use o l th e  p r in c ip le  o f  
m a x im u m  e n t r o p y  e s t im a t io n  [ 4 ]  w h ic h  c o n s is ts  o f  th e  
m a x im i/a t io n  o f  B a y e s ia n  e n tro p y  |5 | .
5 , = - y  P ( / V , . / V , . . , . / V „ ) l n  ....... (2 .4 )
W ( ^ i . A ' , ........N „ )
s u b je c t to  the  c o n s tra in ts  ( 2 .2 ) an d  th e  n o n n a li / .a t io n  c o n d it io n  
' Z P ( N , , N ,  N „ ) = l .  2^ .5)
^ A  /I
I t  m a y  he n o te d  th a t  the m e a s u re  W ( A ^,, A / , ........A /^,) is the
p r io r  in fo rm a t io n  a b o u t the  m a c ro s ta te  / \ „  =  { N |  , A /2 , A^„ }  
o f  th e  sy s te m  an d  fo r  th e  s y s te m  u n d e r  c o n s id e ra t io n  it is g iv e n  
b y (2 .1 ) .  T h e  m a x im i /a t io n  o f  (2  4 )  s u b je c t to  the  c o n s tra in ts  
( 2 .2 )  and ( 2 .5 )  lead s  to  th e  m u lt in o m ia l  d is tr ib u tio n
w h ic h  is a m e a s u re  o f  r e la t iv e  e n tro p y  d e fin e d  o v e r  the sci ol 
n o n -n e g a tiv e  in te g e rs  . T h e  a v e ra g e s  N ,  are the stal^uiuir\
e q u il ib r iu m  v a lu e s  o f  A^  ^( /  =  1,2........n)  [7 ] .  T h e  r ig h t-h a n d  s^dc ol
( 2 .S ) e x c e p t lo r  a m u lt ip l ic a t iv e  c o n s ta n t is, (as  w c  sh all show m 
th e  n e x t  s e c t io n ) , th e  e n tr o p y  p ro d u c e d  w it h in  the closed  
s y s te m  d u r in g  t r a n s i t io n  f r o m  th e  s ta t io n a r y  c ( |u ilib r im n
s t a t e  { ^ 1' n o n - s t a t i o n a r y  s u il
3. ('hemical reaction : entropy-production
L e t  us n o w  s tu d y  th e  th e rm o d y n a m ic  s ig n if ic a n c e  o f  the i ii’hi 
h a n d  s id e  o f  ( 2 . S )  W c  a s s u m e  t h a t  th e  s y s te m  u iu lc i 
c o n s id e ra t io n  is an id e a l gas m ix tu r e  [S | an d  co nsidc i a 
tra n s it io n  o f  the system  fro m  the s ta tio n a ry  e q u ilib r iu m  slate 
to  th e  n e ig h b o u r in g  n o n -c q u il ib r iu m  sta te . T h e n  fro m  Cnbbs 
re la t io n , the c h a n g e  in  e n tro p y  d s  is g iv e n  b y  19 |.
d S :
/ = !
w h e re  p^^  's arc  the  p r io r  p r o b a b il ity  th a t a m o le c u le  b e lo n g s  to  
the /‘th su b s y s te m  o r  sp ec ies  an d  th e y  arc  to  be d e te rm in e d  fro m  
th e  p r io r  in fo rm a t io n  o r  c o n s tra in ts  ( 2 .2 ) .  A s s u m in g  N  ( /  =  I ,  
2 , . .n )  to  be v e r y  la rg e ,  w e  c a n  re d u c e  ; u s in g  S t i r l in g 's  
a p p ro x im a tio n , the lo g a rith m  o f  th e p ro b a lity  P ( N ^ ,  A , , . . . ,  N „ )  
to the fo rm
=  ( 31,
T  r  " 7  ' T
T h e  sy s te m  b e in g  a s s u m e d  to  be e n c lo s e d  in  a f ix e d  volume 
K, w c  h a v e  d Q  =  0 so th a t th e  c h a n g e  in e n tro p y  is g iv e n  In
d S  =  - J ^ ^ ^ d N , 0. :
1 = ]
w h ile  th e  s y s te m  b e in g  a s s u m e d  to  b e  an  id e a l gas m ix tu re , the
c h e m ic a l p o te n tia l o f  th e  /- th  sp ec ies  o r  c o m p o n e n t is given
b y  [81.




P ,  = P , Q - i - K T \ n j J (3.1)
d ( S I n i : . ' ' " '
. N , ) d t
F o r  th e  id e a l gas m ix tu r e  u s in g  the re la t io n  ( 3.3) , w e  h a v e
d S  =  ( p ^ - p y ) d ^ l T
- A d ^ n ,  (3 .1 0 )
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w here jU,(, is th e  th e r m o d y n a m ic  e q u il ib r iu m  v a lu e  o f  p , . 
A ssum ing  ( 3 .2 )  an d  ( 3 .3 ) ,  th e  ra le  o f  e n tro p y  p ro d u c tio n  is g iv e n
=  - K j , P ,
d N .
dt




d t (3 .4 )
In te g r a t in g  ( 3 . 4 )  f r o m  th e  s ta t io n a ry  e q u i l ib r iu m  s ta le  
j \ ' i , N , . N , , }  to  th e  n o n - s l a l i o n a r y  s ta le
j,V|, N , , ..., A^„} an d  r e m e m b e r in g  that X  ~ X
S - S , , = A S  =  - K Y n , In  
"  "  ' N . (.3-3)
V liK h is the e x p re s s io n  o f  c n lro p y -p ro d u c e d  o r  e n tro p y  c h an g e  
lU )| T h u s  th e  r.h .s . o f  ( 2 .8 )  is n o th in g  hut the  e x p re s s io n  o f  
t n ilo p y -p r o d u c t io n  (e x c e p t  a m u l t ip l ic a t iv e  c o n s ta n t)  fo r  a 
l1 'sed m u lt i  c o m p o n e n t  s y s te m . A s  an i l lu s ira iiv e  e x a m p le , let 
i's c o n s id e r a s im p le  c h e m ic a l re a c tio n  m o d e l.
\Vc c o n s id e r  an id e a l gas re a c tio n  in  a c lo se d  sy s te m  at 
Liiiilorm  te m p e ra tu re  7 ’ an d  v o lu m e  V a n d  let the re a c tio n  he the  
1 I ^ (-o rd er rc p re s e n le d  by
X  Y  . (3 .6 )
T h e  d i f f e r e n t i a l  o f  th e  e n t r o p y - c h a n g e  o r  e n t r o p y -  
p io d u c lio n  a c c o rd in g  to  ( 3 . 5 )  is g iv e n  b y




O n  th e  o th e r  h a n d , th e  d e g re e  o f  a d v a n c e m e n t q  is d e fin e d  
In ilie re la t io n  [ 8 ).
d N , (3 .8 )
T h en  w e  ca n  w r ite  ( 3 .7 )  in  th e  fo rm
N N y
d S ^ - ^ { K T \ n ^ - K \ n - ^ \ d ^ .
N , N y
w h e re  ^  -  f-i x ^  I^y c h e m ic a l a f f in ity  [2 ] . T h e  expression  
( 3 .1 0 )  is the w e llk n o w n  fo rm  o f  e n tro p y -p ro d u c tio n  fo r  c h e m ic a l 
re a c tio n  used in ir re v e rs ib le  th e rm o d y n a m ic s . [ 1,8 ].
4. Probability of fluctuation and criteria of stability
T h e  p ro b a b ility  d is tr ib u tio n  P ( A „ ) =  P { N ^ ,  , N „ )  that
resu lts  fro m  ( 2 .8 ) is g iv e n  by
(3 .9 )
/ ’ ( /V , .  y v , , . .  , N „ )  =  e x p  ^
K
t\ » r




W r it in g  N N , =  8  and as su m in g  8  A/, v e ry  s m a ll, the 
p r o b a b il i ty  o f  ( lu c lu a t io n  o r  d e v ia t io n  Iro m  th e  s ta tio n a ry
e q u il ib r iu m  state ( ........N^,)  can  be re d u ced  to the lo rm
o( G a u s s ia n  la w  o f  p ro b a b il ity  o f  d e v ia t io n
r ( ( 5 N , , t S ' / V , , . . . , 5 A / „ )  =  ex p




w h ic h  w as  tested fo r d if fe re n t  sto ch as tic  m o d e ls  o f  c h e m ic a l 
re a c tio n  [91.
L e t  us n o w  s tu d y  the  s ig n if ic a n c e  o f  the p r o b a b il ity  o f  
d e v ia t io n  ( 4 .3 ) fo r  th e  s tu d y  o f  s ta b i l i ty  o f  th e  s ta t io n a ry
e q u il ib r iu m  { a / , ,  A , , }  . W e  no te  th a t the e x p o n e n t o f




wh(.fie a rc  th e  s to ic h io m e t r ic  c o e f f ic ie n ts  a p p e a r in g  in  a 
tlu  m ic a l e q u a tio n . F o r  the re a c tio n  u n d e r  c o n s id e ra tio n  :
'.V “
w h ic h  im p lie s  th at the s ta tio n a ry  state { ........isi m o re
p ro b a b le  than  a n y  o th e r  n e ig h b o u r in g  sta te { A j , A j . A ^ , , }  
r e a c h e d  b y  a s m a l l  d e v i a t i o n  o r  f l u c t u a t io n
[ 5 N f , S N 2 .......S N „ } .  T h is  i.s n o t, h o w e v e r ,  .s u ff ic ie n t to
e n su re  th e  s ta b il i ty  o f  th e  s ta t io n a ry  e q u il ib r iu m  s ta le . T h e  
p o s it iv e ly  o f  th e  excess  e n tro p y -p ro d u c t io n  rate
- - ( 5 ^ 5 )  > 0
dt
(4 .5 )
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is necessary in order that the deviation from the steady state 
can not grow in time. It is when this condition is satisfied, the 
lluctuation will regicss and as such, the system will remain within 
the domain of attraction So, the criteria of stability of the
stationary slate .....obtained from the
consideration of the probability o( fluctuation become
5 l S < ( ) ,
d t
(5^S)>{) (4.6b)
which arc all the same as Lyapunov criteria of stability with 
as the Lyapunov function [91.
For the expression (3.10) of cnlropy-produclion (or chemical 
reaction, the criterion (4 6a) ol stability implies
%  ( 5 0 ’ < 0 < 0 (4.7)
which expres.ses the condition of chemical stability [9|.
Lei us now study the significance ol the second inequality 




( - I I -  I
=  ^ N , 6 N , < { )
l -^\
Ol yv,5/v, <0, ( /=l , 2...../]) (4.K)
which is a pentTah/ation of Lc-Chaleleir-Braun principle of
stability for chemical equilibrium. It implies that if a system m 
stationary chemical equilibrium state undergoes a variation S N 
in any factor characterizing the stationary equilibrium stale, a 
compensating change in the growth rate /V, must occur m 
opposite direction. This principle may thus be adopted as an 
alternative way of testing stability of a system [10].
(4.6a) 5. Conclusion
The paper is an attempt on the probabilistic model of a clo.';cd 
multi-component system. The first result is the derivation ol'ihc 
probability distribution of the molecular numbers
{N|, Nt,..., N,i] of the different components conslitutinp the
system. The probability distribution involves the expression 
for entropy-production whose thermodynamic significance m 
the context of chemical reaction has been investigated. Fin;iliy\ 
the criteria of stability of equilibrium state investigated from ihe 
consideration of the probability of fluctuation lead to the 
criterion of chemical stability and also the generalized Lc 
Chalehcr-Braun principle of chemical equilibrium.
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